Abstract-The modeling of electrical characteristics of connections is an important stage of the design phase of a structure. Indeed, they have an impact on the current density distributions inside conductors as well as on the current distributions when several components are connected in parallel. This modeling has to be modified in case of a return plane in the studied structure as for power electronics or railway applications. For the first field the cooling system itself can be a ground plane and for the second one, the earth has to be modeled. This article presents different ways to take into account a return plane while modeling the electrical equivalent circuit of connections above it. It starts with the simplest one, the image method, and continues with the use of a complex skin depth result of the solving of Carson integral.
I. INTRODUCTION
The electrical modeling of connections is today unavoidable, whether the applications concern a power electronics structure, a power distribution busbar or a railway system. Indeed for power distribution purpose, the electrical characteristics of conductors lead to supplementary losses which imply over costs for the life cycle analysis. Moreover current levels inside these conductors can be high which can lead to over heating of the structure. To dissipate these losses can be difficult.
In the Power Electronics field, it consists in controlling the value of the impedance of the commutation loop in order to have a good working of the static converter. Moreover, when several semiconductors are connected in parallel, it is necessary to have an equal distribution of current inside them. And now, everyone knows that the electrical characteristics of the layout have an effect on the balance of currents.
For these two kinds of applications, conductors are very often near a return plane which can be the earth for railway applications or the cooling system for power electronics structures.
While modeling the connections of every kind of electrical devices, it is then necessary to take into account the characteristics of this ground plane. According the application, assumptions will be different and then the modeling method must be adapted.
In this article, different modeling approaches are presented according the studied application. First, the modeling method which is commonly used to evaluate the electrical characteristics of conductors is briefly presented.
Then the influence of a perfect ground plane is recalled. In the following part, the characteristics of a non perfect ground plane are progressively and the appropriated methods are presented.
Finally the application of the modeling of a railway system is detailed.
II. THE MODELING OF CONNECTIONS
To take into account the intrinsic electrical characteristics of conductors can be achieved using different methods. But the most convenient model is an electrical equivalent circuit. This model is based on the PEEC method.
Assuming uniform current density inside cross section of conductor and non magnetic material (i.e. relative permeability equal to 1), the value of electrical characteristics is obtained using analytical formulae. A non uniform current density is modeled using a meshing of conductor. It is not necessary to mesh the air around the studied device which is a great advantage compared with the finite element method.
According the application field, the analytical formulations will be different.
Indeed for a low frequencies model (till some MegaHertz), it is not necessary to take into account propagation along the conductors. Hence in [1, 2] A. E. Ruehli details the modeling approach. It is summarizes in the Fig. 1 . According the assumption upon the current direction inside conductors, description will be pipe oriented or 2D. The meshing is adapted to the description. Then the following stages of the modeling consist in evaluating the values of electrical components using analytical formulations and solving the Kirchoff equations to obtain the currents, the losses for instance.
We have widely used this method to evaluate the EMI performances of power converters [3, 4] .
For high frequencies, the PEEC approach is adapted to transmission lines purpose, which is called MTL (i.e. Multi conductors Transmissions Lines) [5] . The principle of modeling is the same, only the formulations change. 
III. IMAGES METHOD
In the case of a perfect ground plane, e.g. infinite sizes and infinite conductivity, it is possible to use the well known images method to introduce the influence of the ground plane upon the electrical characteristic of conductors.
In one word, the values of intrinsic inductances of conductors as well as the values of mutual inductances between conductors are modified. Fig. 2 shows the principle and the results.
For a large number of applications, this modeling is a good approximation. It remains easy to apply and understand. 
IV. MODIFIED IMAGES METHOD

A. Case of high conductivity
For return plane of high conductivity, e.g. for copper or aluminum, the images method remains quite well adapted, But for some power electronics applications, it is not possible to assume infinite sizes of the return plane. For instance, the thickness of ground plane of the IMS applications (e.g. insulated metallic substrate) is very low, and the assumption of infinite size for the images method is not verified specially for low frequencies.
In this case, it is possible to adapt the images method. Indeed, the distance between the conductor and its image is modified. For the images method, this distance is equal to 2d where d is the distance between the return plane and the conductor. Here we propose to equal this distance to 2(d+δ) where δ is the skin depth as Deri proposed [6] too (Fig. 3) .
For this case, it is not the complex skin depth. It is defined in (1) where µ is the permeability, σ the conductivity and f the frequency.
(1)
Conductor
Image of conductor This has been applied to an IMS structure and the value of equivalent inductance of the modeling has been compared to measurements. Indeed when frequency increases, distance between conductor and its image decreases compared to a constant value for the images method.
On figure 4 , the two models are compared with measurements. 
Frequency ( With this model, the influence of return plane is only on the value of inductances and mutual inductances of conductors. Indeed, since geometry has been meshed to take into account non uniform current density, when circuit equations are solved, this influence appears on the real part of the equivalent impedance and so on the global losses of the structure.
B. Case of earth return plane
But, in some cases, the assumption of high conductivity of return plane is not verified, like for the earth in the railway system. Hence, the Carson's integral [7] has to be solved in order to take into account the return plane and to obtain an electrical equivalent circuit of this part of the structure. Different solutions have been proposed for the Carson's integral. Some are based on a truncation of the Bessel function used, other propose a double logarithmic approximation [8] .
Here we propose to continue to use the images method and then to apply the Deri solution [6] .
For this case, the distance between the conductor and its image is increased of the complex skin depth δ (2).
On the example of one conductor above a return plane (Fig.  2) , its self inductance is given by (3). 
A simple variable change (4) and two successive approximations (5) and (6) lead to (7).
Once again, distance between conductor and its image is modified.
The value d+δ is a complex number which is possible to write as a modulus and phase. Then we can see that J ground is also a complex number. So not only the inductance of conductor L c is modified with this approach but also the resistive part of the conductor. That way, the influence of finite conductivity of return plane is modeled.
with R c resistance of the conductor. The same approach can be undertaken for two conductors above a return plane in order to evaluate the influence of this plane upon the mutual inductance between these two conductors.
The solving steps are the same and once again the conclusion is to modify to distance between conductors and images introducing the complex skin depth. Not only imaginary part but also real part of the intrinsic impedance of conductors are modified. Real couplings are also introduced.
V. MESHING OF RETURN PLANE
A. Case of Power Electronics application
A design constraint for power electronics applications implies to reduce the sizes of device. So it is not possible to accept large ground plane to dissipate the losses. The sizes of ground plane are usually the same as the ones of the circuit above it. So it is not possible to assume that sizes are infinite. Fig. 5 shows two circuits with different ground planes and their modeling with the classical images method. The equivalent inductance of the loop has been also measured. In order to dissociate the effects, the distance between ground plane and conductors is constant (original images method) that is why for low frequencies the model is not so good. We have seen in previous section the influence of this distance upon modeling.
On this simple example, we can see that the finite sizes of return plane have an impact. The modeling using images method is no more appropriated.
One solution is to describe the ground plane like a conductor as the other ones and to use the PEEC method to model the structure as shown in section II. In order to model a non uniform current density inside it, this new conductor is meshed. Since no assumption can be done upon the current direction a 2D meshing (see Fig. 1 ) has been applied. And its electrical equivalent circuit is coupled with the other conductors with mutual inductances. Its influence upon the current distribution as well as on the global losses can then be evaluated [9, 10] .
This solution has been applied on the previous example and results are presented on Fig. 6 . The finite sizes influence is well modeled. The difference between modeling and measure which appears for high frequency domain is due to a not sufficient meshing of the return plane. It must be said that this meshing but be adapted to frequency to take into account the skin effect and this increases the number of subdivisions and then the matrix sizes for the circuit solving. That is why this difference is less important for Case 2. In that case, return plane sizes are lower so the meshing can be denser than for case 1 with the same computational time. 
B. Case of Transmission line application
For high frequencies applications, the approach can follow the same way. Indeed, when the characteristics of the return plane avoid the use of the images method, it is possible to describe it as a conductor. Its meshing is simpler than in the previous case since current is only one direction. Then the electrical characteristics of conductors above the return plane are modified. This modeling has been widely described in [11] . Fig. 7 and Fig. 8 show respectively a test configuration and the comparison between measurements and modeling.
A good accuracy of results can be observed on this studied case.
Then this modeling method has been successfully applied to more complex configurations. The only limits can be the size of the matrix when solving the circuit equations of the whole problem. 
C. Finite Element Approach
Another way to model non perfect return planes is to use the well known finite element method (FEM). This is the most commonly method used to numerically solve Maxwell equations for every kind of configurations [12] . Assuming a good meshing of the problem and adequate boundary conditions, the results are reliable. In this article, it has not been used because PEEC and MTL approaches prevent the air meshing which is unavoidable for FEM. Nevertheless, its use can be justified when the assumptions of PEEC or MTL methods are not valid. . It is particularly adapted when non linear behaviors appear in the magnetic (conducting or not) materials.
D. Conclusion
To model non perfect return planes, an alternative to the solving of the Carson's integral can be its geometrical and physical description. Then its solving depends on the modeling method which is. PEEC, MTL and FEM are well adapted according the geometrical configuration and frequency range.
VI. APPLICATION TO RAILWAY SYSTEM
In this section, a railway application is detailed. The return plane is in fact the earth. So the assumption of perfect ground plane is not valid in this case, its conductivity is not so high. So classical images method is not valid and we are going to compare results using modified images method and finite element method taking care of numerical hypothesis, so that results can be reliable.
The studied configuration is presented on figure 9 . It is a classical structure constituted of a feeder wire, a contact wire, a carrier wire, two rails and the soil.
The electrical characteristics of each wire are evaluated either with the modified images method or the finite element method.
A first comparison between the different modeling methods has been made. The per unit length electrical characteristics of each part of the structure have been evaluated and compared. Figure 10 shows this comparison upon the per unit length impedance of the contact wire. These three modeling methods give the same results upon all the electrical characteristics of the structure (impedance and mutual impedance). So, for the following comparison with measurements, only one of them is used. After this first set of comparisons and evaluations upon the per unit length parameters, we have calculated the impedance of the configuration presented on figure 11 . This is the configuration test on which measurements have been undertaken.
In order to evaluate the input impedance Z 0 , it is necessary to take into account the length of wire , the load impedance Zc and all other connections between the wires. Z 0 = Vco / Ic (10) Fig. 11 . Electrical connections of the studied configuration Then equations (11) give current and voltage for any position z along the wires.
[Z] and [Y] are respectively the per unit length impedance and admittance matrices, g the eigenvalues and [T]the eigenvectors. Figure 12 shows the evaluation of impedance Z 0 using Carson method and figure 13 shows the measurements on the test configuration.
The measurement conditions have not been clearly established so it has been difficult to compared measurements and simulations.
Some assumptions on the connections between the wires have been made without certainty.
Nevertheless, a good agreement on the behavior can be observed. The characteristic frequencies are well evaluated as well as the low frequency impedance. 
VII. CONCLUSIONS
This article presents different methods to model a return plane for electrical structures. Three approaches are detailed according the assumptions which are valid on the studied device. This is not an exhaustive list of modeling methods but a practical way to take into account non perfect return planes.
PEEC method is well adapted to give an electrical equivalent circuit of connections. Coupled with the images methods, high conductivity return planes can be modeled.
If conductivity or sizes are not so high, the images method can be used if distance is modified and skin depth or complex distance is added.
For high frequencies applications, transmission line method is preferred. In that case MTL method is used to evaluate the electrical equivalent circuit of connections.
The FEM can be used for every kind of applications assuming it is correctly used. For some cases it can be used as a reference method to test other models. However, calculus with this method can require heavy memory and very long time calculation.
The railway application which has been presented is a good example to show the interest in such a modeling. 
